Lecture 6

Regular Grammars

COT 4420
Theory of Computation

Section 3.3



Grammar

e Agrammar G is defined as a quadruple
G=(V,TS,P)
V is a finite set of variables
T is a finite set of terminal symbols
S € Vis a special variable called start symbol
P is a finite set of production rules of the form
X2y
where x € (VUT)*, y e (VUT)"



Linear Grammars

e Grammars with at most one variable at the
right side of the production.

e Example: S > aSb | A
e Example: S 2> Ab
A—>aAb | A



Right-linear Grammar

e Agrammar G=(V, T, S, P) is said to be right-
linear if all productions are of the form:

A = xB
or
A = X xeT* ABeV

\

string of
terminals



Left-linear Grammar

e Agrammar G=(V, T, S, P) is said to be left-
linear if all productions are of the form:

A = Bx
or
A = X xeT* ABeV

\

string of
terminals



Linear Grammars
Example

e Right-Linear Grammar
S—>abS | a

e Left-Linear Grammar
S = Aab
A > Aab | B
B—>a



Regular Grammars

e Aregular grammar is any right-linear or left-
linear grammar.

G;: G,:
S—=>abS | a S =2 Aab
A Aab | B

B—2a



Regular Grammars

What about this Grammar?
S—2>A
A—>aB | A
B> Ab

e |sthis grammar linear?

* |s this grammar regular?

This grammar is neither right-linear
nor left-linear =» itis not regular.


Presenter
Presentation Notes
This grammar is linear 
But it is not regular



Regular grammars and Regular
languages

Regular grammars generate regular languages.

Example:
G, G,:
S—>abS | a S =2 Aab
A > Aab | B
B—2>a

L(G,) = (ab)*a L(G,) = aab(ab)*



Theorem

anguages generatec == Regular languages
by Regular Grammars = & guag

Part 1) Any regular grammar generates a
regular language

Part2) Any regular language is generated by a
regular grammar



Proof - Part 1

Theorem: LetG=(V, T, S, P) be a right-linear
grammar. Then L(G) is a regular language.

In order to prove this we construct an NFA M
such that L(M) = L(G).



Proof - Part 1
Right-linear grammar to NFA
1. For every Nonterminal there is a state in our

NFA (The start symbol is the starting state)

2. For a production rule of the form V,2a,a,...a )V,
the automaton will have transitions to connect

V;and V; such that
6*(V,, a;3,...a,) =V,



Proof - Part 1
Right-linear grammar to NFA

3. For each production V. 2 a,a,....a , the
corresponding transition will be

6*(V, a;a,...a,,) = V; V:: a final state



Right-linear grammar to NFA
Example

Grammar G is right-linear:

S =2 aA @

S—>B

A - aaB
B> bB @

B—>a



Right-linear grammar to NFA
Example

Grammar G is right-linear:

S =2 aA e

S—>B

A - aaB
B> bB 6

B—>a



Right-linear grammar to NFA
Example

Grammar G is right-linear:
S =2 aA
S—>8B

A > aaB
B> bB
B—2>a




Right-linear grammar to NFA
Example

Grammar G is right-linear:
S =2 aA
S—>B

A - aaB
B> bB
B—2>a




Right-linear grammar to NFA
Example

Grammar G is right-linear:
S =2 aA
S—>B

A > aaB
B> bB
B—2>a




Right-linear grammar to NFA
Example

Grammar G is right-linear:
S =2 aA
S—>B

A > aaB
B> bB
B—>a




Right-linear grammar to NFA

Example
S =2 aA

N, /Béa
S => aA => aaaB => aaabB => aaaba



Presenter
Presentation Notes
When you want to read aaaba and see if its accepted or not
You see that it is exactly following the same derivation from the grammar
S -> A which is using the derivation S => aA , then you go from A to B reading two a’s, which is the same as using A-> aaB rule



Proof - Part 1
In the case of Left-linear grammar

Theorem: Let G=(V, T, S, P) be a left-linear
grammar. Then L(G) is a regular language.

Proof idea: We construct a right-linear grammar
G’ such that L(G) = L(G’)R



Proof - Part 1
In the case of Left-linear grammar

G is a left-linear grammar of the form:
A = Bv,v,..v, or

A D V. V,...V,

v

Construct right-linear grammar G’:
A2 v,..Vv,v,B
A D V,..V,V,



Proof - Part 1
In the case of Left-linear grammar

It is easy to see that L(G) = L(G')®

Since G’ is right-linear, L(G’) is a regular
language. Therefore, L(G’)Ris also a regular
language = L(G) is a regular language.


Presenter
Presentation Notes
Why is L^R a regular language?  If you have an nfa with a single final state, you can make the start state, final, make the final state, start state and then reverse the direction of all edges .


Proof — Part 2

Theorem: If L is a regular language on the
alphabet Z, then there exists a right-linear
grammar G =(V, Z, S, P) such that L = L(G).

Let M be the NFA with L = L(M), we construct a
regular grammar G such that L(M) = L(G)



Proof — Part 2
NFA to right-linear grammar

* For any transition @ ° >®

Add production: q-—2>ap
Variable Variable

Terminal



Proof — Part 2
NFA to right-linear grammar

 The starting state is your start symbol

* For any final state

Add production: g: =2 A



NFA to right-linear grammar
Example

d, 2 aq,




NFA to right-linear grammar
Example

d, 2 aq,
q, =2 aq,
q, =2 bq,




NFA to right-linear grammar
Example

d, 2 aq,
q, =2 aq,

q, =2 bq,
q, =2 bq;




NFA to right-linear grammar
Example

d, 2 aq,
q, =2 aq,
q, =2 bq,
q, =2 bq;

d; =2 Oy




NFA to right-linear grammar
Example




Summary
Regular Languages

Regular NFA Regular
expressions | of Grammars
DFA <
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