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There is w@pra&u@@d here some correspondence on o mothod of sol

neutren diffusion problems In which dete are chosen at random To represent
a number of neutrons in a chalu-reacting system. The history of these nsuirovs

and thelr progeny ls determined by detailled csaloulations of the motions and

aolllisions of these neutrons, randomly chosen varlables belng lntyodu

ced av
cortein points in such a way aws to vepresent the ocourense of varlious processon

with the correet probsbilities. If the hlstory is followed far enough, ths

chain reaction thus represented way be regarded as e repressubative sample

of & ohaln reaction in the system in question. The results may be enalysoed

statistloally to obtain verious average quantities of interest for comp

with esperiments or ffor design probloms.

Thie method is designed Yo deal with problems of a more aompliesied

nature than convenbtional wmethods based, {or example, on the Boltzmann suuatis

X3

o

Por exampls, it is not necossary to restrict nmeutron energies to o single
valus or gven to g finlte number of values and one can study the distribution
of’ neutrons or of collislons of any specified type not only with respsot o

apecs variables but with respect to other variladbles, such ga neubron velosliy,

directlion of motiom, time. Furtherwmore, ths deta omn be wsed foy the

of fluctustions and othor statisbicsl phenomesna.

SR vl
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Deay Bobs
This is the letter I puronj.:@ yoﬁ in the e
versation on Friday, Marsh " FERENEEE ke  AE
I have been thinking & good deal about the possibili >

istioal methods to solve neutron diffusion and maltdplicatio
accordance with the principle suugniod by Stan Ulam. The
this, the more I become convinced that the idea has great mﬂt,
conclusions and expectations can be sumzarised as follma L
(1) The statistical approach is very well suited te s digittl‘j ot

worked out the details of a criticality d:l.-cuu:l.on uwder the tsﬂﬁa
conditions:

(a) Spherically symsetric geometry P
(b) Variable (if duii'od, continuously variable) cmpetiﬁonﬁmtho ;
radius, of active material (25 or 49), tamper ntorhl (38 )0
WC), and slower-down material (H in some rorn)

(¢) Isotropic generation of neutrons by all processes of ,(5),‘1

r

(d) Approprinte wlocity spectrum of mtroms n‘rging from htr 00111

processes of (b), and mpp»ropr:latc ducriptien of the mu—notim
of all procesves of (b) as runot.ionl of the neutron nledt-n ‘1.01,
an infinitely many (eomtinuoysly.ﬁmwm) neutron nled.ty M i

treatment, R E:, . U E’é @E. A @;‘ @ 11 F E@
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; model, bubt 1t would be

6y iass «isborats, as desired. If you

o

1.;7»3 m elinits ﬁsszidarsiré. in this yespect, pleass 1st me kmow, s0 that
1!‘i my a.n.qu their affecle un ,‘izhé BAL-Up .

iy fﬂmkw tiat tho # vroblem of (1}, in its digital form, is well
in}é’fs ﬁfésg, I %ill havs i’i‘ﬂﬁ apecific estimate on this sub-
’ i‘y;:ﬂamt { gsﬂiiaimr;i} eatimate is this; Assume that

Slom I‘ﬁéﬁﬁﬁ! following 100 primary neutrons through

hs prissry newtron or its descendants) per primary
10 ahould take sbout § hours.
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(3) Certain preliminary explorations of the statistical~digital method could
be and should be carried out manually. I will say somewhat more subse-
'lquné'!fxtly. |

(4) It is not quite impossible that a manual-graphical approach (with a small
amount of low-precision digital work interspersed) is feasible. It would
require a not inconsiderable number of computers for several days per
criticality problem, but it may be possible, and it may perhaps deserve
consideration until and unless the ENIAC becomes available.

This manual-graphical procedure has actually some similarity with a
statistical-graphical procedure with which solutiona of a bombing problem
were obtained during the war, by a group working under S. Wilks (Prince-
ton University and Applied ¥athematics Panel, NDRC). I will look into
this matter further, and possibly get Wilks' opinion on the mathematical
aspects,

(§) If and when the problem of (1) will have been satisfactorily handled in
a reasonable number of special cases, it will be time to mvestiggte the
more general case, where bydrodynamics also come into play; i.e., effi-
ciency calculations, as suggested at the end of (1). I think that I
lmow how to set up this problem, too: One has to follow, say 100 neutrons
through a short time interval A1 ; get their momentum and energy trane-
fer and generation in the ambient matter; caloulate from this the dis-
placement of matter; recalculate the history of the 100 neutrons by
assuming that matter is in the middle position botweo'n its original (unper-
turbed) state and the above displaced (perturbed) state; recalculate the
displacement of matter due to this (corrected) neutron history; recaloulate
the neutron history due to this (corrected) dieplacmont of matter, ete.,

e oos ©°

eto., iterating in this manr;srgim:t.il é '&eli‘-i:onsistent" system of neutron

ce e
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history and displacement of mattex ‘1&‘&'& 39.' Thig is the treatment
of the first time intervaldl. imentit 1e'ebnt;sletbd, 1t will serve as

a basis for a similar treatment of the second time interval & t 3 this,
in turn, similarly for the third time interval AT ; etc., ete.
Inthis set-up there will be no serious diffioulty in allowing for the
role of light, teo. If a diriscrimination according to wavelength is not
necessary; l.e., if the radiation can be treated at onry point as isotropie
and black, and 1ts mean free path is relatively short, then light can be
treated by the usual "di;t!"usion" methods, and this is clearly only a very
minor complication. If 1t turns out that the above idealizations are
improper, then the photons, too, may have to be treated "1ndiv§.dua.11y"‘
and statistically, on the same footing as the neutrons. This is, of
course, a non-trivial complication, but 1t can hardly consume much more
time and instructiona than t he corresponding neutronic part.
It seems to me, therefore, that this approach will gradually lead to a
completely satisfactory theory of efficiency, and ultimately permit pre-
diction of the behavior of all possible arrangements, the simple ones as
well as the sophisticated ones. |

(8) The program of (6) will, of course, require the ENIAC at least, if not
more. I have no doubt whatever that it will be perfectly tractable with
the post~ENIAC device which we are building. After & certain amount of
exploring (1), ssy with the ENIAC, will have taken place, it will be
possible to Judge how serious the complexities of §5) are likely to be.

Regarding the actual, physieal state of the ENIAC my information is
~thiss It is in Aberdeen, and it is being put together there. The official

dats for its completion is still April 1st. Various people give various sub-
Jective sstimates as to the actual dnto oi:,epnpletion, ranging from mid-April
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to late May. It seems &as if the late MW edtihtoowepe gai.her safe.

I will inquire more into this mtter, and also into the possibility
of getiing some of its time subsequently. The indications that I have had so

7

far on the latter score are encouraging.

-

In what follows, I will give a more precise description of the approach
outiined in (1); i.e., of the simplest way I can now see to handle this group

of problems.

Consider a spherically symmetric geometry. Let # be the distance
from the origin. Describe the inhomogeneity of this system by assuming N con-

centric, homogeneous (spherical shell) zones, enumerated by an index 7=/ 1, v

Zone No., ¢ is defined by . < A <« A7, the

j e
1= //-a,‘/;/' 2,

ST -

vey W being given:

oS o ) - ~ - .. <7 o ‘ R -
l -7, T e P ps o K/

where R 1s the outer radius of the entire system.

Let the system consist of the three components discussed in (1), (b),

to be denoted &, T, S, respectively. Describe the composition of each zone in

terms of its content of each of A, T, S. OSpecify these for each zone in rela-

f{ive volume fractions. Let these be in zone {No. ¢ X, Y. %,., respectively.
?7 / )7 ‘L9

Introduce the cross sections per Cim 3 of pure material, multi-

o
plied by Cf"zj € = 495 » and as functions of the neutron velocity ¢/

as follows:

) o <':7 4 » \' - Fe
Absorption in A, T, St O ., ('), =g (V) ciay £y
Scattering in A, T, S: :-)*".\; a ! e~—)/ S o Loty o < ().
Fission in A, with production of

- 1<) o Y e
2, %, 4 neutrons: M’L 4 U ), 7 {4 [ ), « /4 /)

Scattering as well as fission are assumed to produce isotropically

distributed neutrons, with the fo;llqﬂhg veiogity: dist.ributionw

If the incident neutron'me thé w?elééit:y ~V~, then the scattered

°

-

L]
*
'X32]

L d
L]
[
.
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neutrons velocity statistics are t\pacrimd :f'o:"A,:'l'} 8, by the relations
vl ?A (V), A :‘..'.1/.7 .“(\./..) ;. DY LIS P (V).

Here A"’/ is the velocity of the scattered neutronj Py V) ¥ r 8% ), Z s (V)
are known functions, characteristic of the thrae substances A, T, S (they vary
all from 1 to 0), and ) 1s a random variable, statistically equidistributed
in the interval 0, 1. '

Every fission neutron has the velocity A/, .

I suppose that this picture etther gives a model or at least provides
a prototype for essentially all those phenomena about which we have relevant
observational information at present, and actually for somewhatv more. It may
be @pected to provide & reaaonaialc vehicle for the additional relevant
cbservational meterial that is likely to é.riue in the near future.

Do you agree with this?

‘ In this model the state of a neutron is characterized by its position
l » 1ts velocity 7 , and the.mglo “ botw;on its direction of motion
and the radius, It is more convenient to replace Gy S =l

sothat [/ 4% . 5%  1s the 'perinsliyf distance’ of 1ts (linearly extre-
 polated) path. ‘ |

.. Hote that '.!.f a neutron is pmtd 1oetrepio‘ny; 1.0. ’ if its direc-

tdon tat birth' is equidistributed, then (because space is tbroo-diunnioml)
e P will be oqu.{distributui in the s.nt.oml-—i /; 1.0‘, s _u the
,,a;mma At S Y T ey
It 1s eeuvm:hnt to add to un or ’-mﬁa of s uutron cxpncm{
t.‘tu No. 7 of the sens in which 1t 1 :ouan; 1..., with ‘,r < =

o

Tt ta furthermore .avmba.. to keep track of the t.m t o vhich the -mme-

i"irr-",;utienl nfor‘ w P

‘ cmpqm‘
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Now consider the subseqﬁant ﬁistoqy-of pch a neutron. Unless it

suffers a collision in zone No. : , it will leave this zone along its straight

path, and pass into zones Nos. : + | 1~ ¢ | ., Tt is desirable to start

a 'new! neutron whenever the neutron under consideration has suffered a colli~-
sion (absorbing, scattering, or fissioning, = in the last-mentioned case several
'new! neutrons will, of course, have to be started), or whenever it passes

inte another zone (without having collided).

Consider first, whether the neutron's linearly extrapolated path
goes forward from zone No. . into zone No. ¢ ) [ or . { . Denote these

two possibilities by I and II.

If the neutron moves outward; i.e., if S > s then we have cer-

tainly I. If the neutron moves inward; i.e., if & < (7, then we have either
I or II, the latter if, and only if, the path penetrates at all into the

sphere ,f;h, + It is easily seen that the latter is equivelent to S

-

2
N A ) S0 we haves

s > & <. V‘( ,. Z J

The exit from zone No. ( will therefore occur at

L F ?j = e fer
1 , J
T Ty ‘/O'r X K
It is easy to calculate that the distance from the neutron's original position

(- 57 <
to the exit position is ¢ ' -~ 4 where
X + '/'("—‘:7" X < r-;:""'"m'" é‘““ "' [0!’ ,F

/
The probability that the neutron will travel a distance & without
A’
suffering a collision is 10 ¢/ s Where

‘ ow)
f (ZA//:JHHMM))# 21 /' 2 f. {A/.w+.§-ﬂﬁw)xf“
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"It is at this point tm.t the Btatistieal.bharacter of the method
comes into evidence. iIn order to determine the actual fate of the neutron,

e
0.

one has to provide now the calculation with a value ) s belonging to a random
variable, statistically equidistributed in the interval &, / ; 1.e., ) is

to be picked at random from a population that is sta.t‘i;tically equidistributed
e

Then it is decreed that 10 has turned out to

in the interval Q, /.
be ;’} H 1.‘-,

L =

o

From here on, the rurtheai' procedure is clear.

~.

, /
COIf /0( 2 A s then the neutron is ruled to have reached the neigh-
'y )

boring sone No. 1 /| (

Cor IL‘ ) vithout having suffered a collision.

The 'new' neutron (i.e., the orig'inal ons, but viewed at the interzone boundary,
and heading into the new zone), has characteristics which are easily determined:
‘ X
’ //w by 7 y

7 s replaced by i 1~ /
*' .
s s Vis unchanged, 'LL goes over into -+ *

S 18 easily seen to go over into
_ a(
= L « Hence, the
'new! characteristics are

X de-

‘2;\:?’;,//" /S

p /U‘/ f

: A /3 4
If, on the other hand, <¥ <.cT | then the neutron is ruled to have

‘suffered a collision while still within zone No. ; , after a travel ol

The position at this stage is now

ANy oty s A b L

and the time

* v
(AR
P
The characteristic contains, accordingly, ai, any rate z v *and 7«1_ in place
of 2 /” and t It remains to determine what becomes of S and .r- .

As pointed out before, the 'new' s #i11.be equidistributed in the

*
¢
-
(XKL )
-
LI XX
-
[ 3
-e €
L ]

a0 ee
(T XX 2 J
*
[ XXX X}
L
-
.0

so8csee
L]

cooten
L ]
.
L
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interval — n"*; A It is t.hgrufqn on];t nieodsiry to provide the uluh-
tion with a further value ﬁ s belonging to a random variable, lt;ti.ltiuuy '

equidistributed in the interval <, /. Then one can rule that S has the nl'u

sl ¥ (2p7—1).

As to the 'new' 2", it is necessary to determine first the character

of 'the collision: Absorption (by any one of A, T, 8); scattering by A, or by
T, or by 5; fission (by A) producing 8, or §, or 4 neutrons. These seven alter-
natives have the relat:i.ve probabilities *

Tan () x;A Saq (v) g, + Eag (V) E,

/N

dodes Ssreviyge 5 “
D T

/s /L, RV ) xi

,-/b . El[-f; (am) Xi )

T ,
/6’ D ) X,
We can t.herefore now determine the character of the collision by a statlatical

procedure like the preceding ones: Provide the calculation with a value /t/t
belonging to a random variable, statistically equidistributed in the interval

¢, 1 . Form J o= = / , this is then equidistributed in the inter-

val [ p )l . Let the seven above cases correspond to the seven intervals

- K . 7'/ N . . o7 . ) ] . 2 Ve - , ';. _;‘ .
ot do s b dos Asitys Aarts; 4 fo forf » respectively
Rule, that that one of those seven cases holds in whose interval /14 actually

turns out to lie.

Now the value of ~U  can be specified. Let us consider the seven

available cases in succession.

Absorption: The neutron has disappeared. It is simplest to characterize

this situation by replacing .- by 0 . .o eos

Scattering by At Provide the _cal.cu:mim ¥ith

a value V' belonging to

[N J ®
.

a random variable, statisticallx.»?qéli'di:str?.‘buteﬂ dn the interval () ,/

*®

s & ¢ * @

[ 4
*0 a0e * * L] L
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Replace r by « = ® P o2
place ar CIE R S
77 / ! ( s g
Py

Seattering by T: Same as above, bul

e )

Scattering by S: Same an above, but

A ( st }f ’ ‘f;;‘ (v /.

Fission: In this case replace . by .77 . Aecording to whether the

case in guestion is that one corresponding to the production of 2, &, or 4

peutrons, repest this 2, 5, or 4 times, respectively. *his weans that, in

! 4 U4 £
addition te the {05 S5 discussed above, the fupther [; !’; “ ! i ’;. o F
et . g
ITQ ;- may be needed.

[N S ———————

This completes the mathematicsal descriphieon of the procedure., The

computational execution would be somethimg like thiss

Each neutron is represented by o card 5{' which carries ite charae-

teristics
. i, 5, v, 1
and also the nécggur;y randon values
f ] Lhf 7
. . ey AL it EF
A R N R

g I oan see pjoi-nt in giving wore than, say, ?,jglmmésg for each ona of fhe b
characteristice, or more thag, eay, & plnem# feef* each of the 7 random arisblens.
In fact, 1 would judge that these nusbers of places are already higher than |
;nun:m 1# sny rate; even izu this u;y emly 70 mirios are eommm&. ani so

E ’rthc ordi.nu'y SO*infrr ;mnchuﬁ i:lll hwn lﬁé mtxﬂ:ms left ovrer fea* any add,l.*
ftmu m-, oto., that one ;-y d-mm. s |

: ’flﬂ ?ﬁmﬂml mau w}ml,m m t@a;:‘a‘;ﬂwm an to p;reduc—e

,f' ﬂi‘ : s
V€ z:g

, nr mmn: 1 '% &ingh mml:, f
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- variables can be inserted in a muﬁ%eégeé% oéfr;tiéhg and the cards with .o~ =
(Lea., correspondinéb;eutrons that were abaorb;;.;ithin the assembly) as well

as those with = N1 (1.e., corresponding to neutrons that e=caped from the
assombly), may be sorted out.

The manner in which this material can then be uiad for all kinds of

neutron statistic investigations is obvious,

I append a tentative wt‘:omputsing sheet" for the caiculation above,

It ls, of coursé, heither an actual "computing sheet® for a (human) computer
group,; nor a set-up for the ENIAC, but I think that 1t is well suited to
serve as a basls for either, It should give a reasonably immediate idea of
the amount of work that is involved in the procedure in question,

I cannot assert this with certainty yet, but it seems to me very
likely that the instructions given on this "computing sheet" do not exceed the
'logical' capacity of the ENIAC. I doubt.that the processing of 100 'neutrons!
will take much longer than the x'.;eacling, punching and (once) sorting time of
100 cards; 1i.e., about 3 minutes. Hence, taking 100 tneutrons' through 100 of
these stages should take about 800 minutes; i.e., $ hours.

Please let me know what you and Stan think of these things. Does the
approach and the formulation and generality of the criticality problem seem
reasonable to you, or would you prefer some other variant?

Would you consider coming East some time to discuss matters further?

Wher. could this be?
With best regards;

Very truly yours,

e

. § §-Joh§1 von Heimann
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Aprid 2, 1947

Professor Jolhn vonlouwsns,

The Inetitute for Advapced Study,
Sohool of Mpthematics

Pripeeston, Hew Jorsoey

Desr Johnmy s

As Stan told yow, vour letter has aroused a gread deal of iuterest

aore. We have had a numbsr of distussions of your method and Bengt Caricon
a8 even seb to work to test it au%\by hand caleuiation in a simple case.

It has oocurred to us that there are & numbor of modificstions whist
sne might wish to introduse, at least for caloulabtions of e certein tyoe. Thic

would be trus, for exemple, if one wished to gsel up the problem for a metel

system containing o L9 cors in e tubailoey tamper. It seems to us that it

Cmlght at presont be easier to define problema of this sort than, for exanple,

problems for hydride gadgets. It 1s not so much our intention to suggest
that the method you are wmrkimgron now should be modificd as to sugpest that
porhaps alternative procedures should be worked out also. Perhaps one of
us could de Tthis with a littlo aassistence from youg for example, during a
vieit to Princeton.

The specific pointe at which it seems Uo us modilications might
be desired are as follows:

1. OFf the thres vomponents A,T7,5 that you consider, only ons is
fissionable, whereas in systems of interest to us, there will be an spprecisble

nurber of figsions in the tuballoy of the tamper, as weoll as in the core

wabarial,
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e oyou intreduss ap thab for any particuler isotope these w

he cowbined into & single function of veloedty with s random proceduro vasd

ra
G

mevely Tor deterad newkrons euerging. * bhere if a single

suon funcbion of each of the thyee Lsotopes 25, 20, ho, the
total i tablas reguired would be the same ag in your

sted that in the casae of 25 ov 23, one might Wi

bility of ome neubron smerglng from Ligsiow. The

atopersion of vhe nudter of neutroms per fisslon la not Too woll knows
wa Shink we eould provide some gLensed.

be Bacauss of tho seasitive depondence of tempsr ©issicns on Bha

enerpy spechrun, 58 wightd be advisable to feed in the meas
jay i E &

figsion spoctrum st the appropriate point. This would, of course, rogulre

snbroduction of one or twe asdlitional randem vayisbles and would ralss the

volooity correlatlion between meubrons mprging

from a given fissiono

, S.  Hetbovrlal 8 Qﬁuﬁdu of course, bo omitbed for systems of “his
porte. On the othor hand, when moderatiocn really occcurs, 1% seems To us
shore would hnve to be a corrplation Debtwesn velocity and diractlion of the
zoatbered noubrok.

£. Por metel systems of the type conzldered, it would probsbly

unto cng elastieally scabbering component and jusl one

. Thease could be mimed with bhe fiselouable
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sy B nock np mwst materials of

beve ons goneral counent as follows: Supposs

¥ of capds reproseats a group of neutrons all haviog & - O

origin. Thea after o certain number of cyslaes of operations,

#L1Y have o deck of sards ropresenting o group of neutrons having
A in dlatributed from some sarlliest By, B0 o latest, b, Frns
1ol the wuttiplicetive chaines will have beoon followed wntll time ¥y and

.

followed %o verlous laver times, Thenm if one

wle, to £ind the spatial distribution of fisslons, 1t would
natoral to examins all fissions oocurving in some interval A% and find
shodr gpatial distribut lome  Bub unless the interval At is chosen within the

[0,4%) ono canoot be sure that he kaows ebout &1} the Fissious

Lot

PR
Tow

aw in Ab; and the fissions that are left out of accouwnt may well
Pewe o eysbemationlly different spatial distridbubion than those that are taken
Thevefore, 1, as seems 1iloly, by ﬁfte, Lo would seen to be

seard nost of thy data obtained by the caleunlation. The

- Por this Aiffioulty would scem vo be as follow the chains for

.

Lime rather then for a definite number of oyoles of operatiom-

sycleo, a1l vards having € greater than some preanssigned value w vid

b disearded, and the next eyele of calculatiua performed with those remaining

shod wntil the number of cards in the deck diminishes to serc.

BRI X

suzgestions aro all very tentative. Pleaso let us koow whats

Sincerely,

2. Do Riehtuyer.
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